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¥, Laplace Transformation

ua‘ions.
34, Application to dmere"“ﬂ;xeq f(t) (1)
8 TN =1y *(-"‘ 0= ,
dv dUx. +ay-17 b

Let

———— —— 1

dr g

be a linear differential equ
coefficients, valid for ¢>0. Suppost
of this equation satisfying the condi

ation with ~ constant
e we want @ solution

tions :

I"lx
x=.r0, .__dt ='rl’ __,,-d ) -—xz, ) dtll

when ¢=(),

Multiply both sides of (1) by €
term with respect to ¢ from 0 to %
result of § 3.3 and transposing the term
to the right, we get , _

(s,,+a13""1+d33’"2+ +a,,_15+an)x
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where x denotes the Laplace transform of x and f(s) that
of f(¢).

Dividing by (s"+a," '+ ... +a,), we get X as a
known function of 5. Resolving this into partial fractions -
and taking its inverse, we get x as a function of ¢. This
will be a solution of (1) satisfying the initial conditions
(2). |

Equation (3) is called the ‘subsidiary equation’. If
the given differential equation is written as

(D"+a,D""'+ ... +a,_ D+a )x=f(f),
the left-hand side of the subsidiary equation is obtained
by replacing D by s and x by x. The first term on the

right is f(o), the transform of f(r). The remaining terms
on the right-hand side are terms in Xon. K1y Ko, el
2y e "n—

~s and integrate each
Then, using the
s with minus sign

Scanned with CamScanner



34 ] Application to differential equations [ 65

multiplied by polyomials in 5. These .polynomials are
obtained by dividing
SHas' T+ L +a,_sta,
(i.e. the factor multiplying x on the left) successively by
5, 8%, 87, ..., 5", and dropping off any negative powers of s,
Ex. 1. Solve the equation
, '(DZ‘ZD'*‘z)*:O’ Xo=x;=1. [Banaras, 1971
On Laplace transformation the given equation becomes
(>-25+2)x = 0+(s—2)xy+x,
= (s—2)+1=s5s—-1.

Theref = - .
Hreer T nt2 (1)

On inversion, we get

x=¢ cost.
Ex. 2. Solve the equation .
(D-1)(D—-2)(D—-3)x=5, xp=0, x,=1, x,=0.

The left-hand side s (D3-—6D2+_1_lD—6)x; so transformation
gives

(s—1)(s—2)(s=3x = -§-+(52-(xs+11)f0+(s—6)r1+x?_
. 2_
_ Sy g SEstS,
s )
‘heref = s2—65+5
Therelore x_s(s—l)(s—Z)(s—3)
-~ (—4
5 0, (=3 (=9

T 5(=6) s=1 (-2)(5-2) 6(s=3)"
on breaking into partial fractions. Inversion gives’
_3u 2% S
A=z T35 g
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